Abstract-We present a derivation of the noise spectra of multielement semiconductor lasers. We model the noise by a set of Langevin sources which drive a system of small-signal field equations. The Langevin sources are normalized to transition rates within the laser and general formulas for relative intensity, frequency fluctuation, and field spectra are produced. We evaluate the formulas for several specific cases of interest, including those of a passive-active resonator and active-active coupled cavity resonator. In each case, the linewidth is governed by effective a-parameter(s) which generally differ from the material parameter. In the active-active cavity, the linewidth consists of two parts, one which is similar to the Schawlow-Townes linewidth, and a second which is proportional to the FM modulation index.
INTRODUCTION

S
INGLE-mode semiconductor lasers are desirable for use as transmitters in fiber-optic systems because of their potential for high-speed modulation and narrow spectrum. The narrow spectrum minimizes dispersion as an optical pulse travels through a dispersive fiber, and consequently increases the available modulation bandwidth for a given length of fiber (or vice versa). Simple single-element Fabry-Perot lasers tend to oscillate in multiple longitudinal modes, however, particularly under current modulation. This property unnecessarily broadens the spectrum of the modulated signal. To restrict the laser to single-longitudinal mode operation, more complicated structures have been proposed, including distributedfeedback lasers [1] , [2] and various geometries of coupled-cavity lasers [3]-[ 121. Many of the laser geometries are plagued by chirping, or FM under current modulation [13] , [14] . While this property may be desirable for an FM modulation system, it also broadens the spectrum of the modulated laser. Recently, it has been demonstrated that chirping in two-section lasers can be reduced by splitting the modulation current between the two sections [13] or by judicious selection of the bias point [12] . More recently, we derived analytic expressions for both the frequency and amplitude responses of a general multielement semiconductor laser [ 151 in terms of the bias point quantities. The knowledge Manuscript received July 18, 1985; revised October 18, 1985 . This work was supported by grants from the Office of Naval Research, ITT Corporation, Rockwell International, and the Air Force
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of which physical quantities affect the chirp, resonance frequency, etc. , allow one to design multielement lasers with a minimum of chirp under modulation. The fundamental limit to the linewidth of the laser, however, is the noise associated with the process of spontaneous emission and quantization of the carriers and photons. In the past five years, the noise properties of semiconductor lasers have been the subject of scrutiny, and several anomalous features have been observed and explained, including a spiking resonance in the intensity spectrum [16] , [17] and frequency fluctuation spectrum [ 181, a linewidth some 30 times greater than that predicted by the modified Schawlow-Townes theory [19] , [20] , power-independent linewidth components [21] , asymmetry in the field spectrum [ 181, and excess noise at low frequencies in both the intensity and frequency fluctuation spectrum [22] - [24] , [28] .
To our knowledge, there have been no attempts to date at analyzing the noise properties of semiconductor lasers with multiple active elements. Recently, it was observed [25] , [26] that phase noise could be reduced in a passiveactive laser by varying the coupling between the cavities, and it seems likely that such would be the case in an active-active cavity. On the other hand, coupled-cavity lasers are known to possess an FM response to current fluctuations, which may increase the fundamental linewidth even in the absence of modulation. A theory of multielement laser noise would be useful in evaluating multielement lasers for systems applications.
A common technique for analyzing noise properties is to model the noise by a Langevin (white) source with an appropriate normalization which drives the rate equations of the system in question [27]- [30] . In this paper, we apply the Langevin theory to small-signal rate equations to calculate the spectra of a multielement laser. In Section 11, we develop the small-signal linear rate equations from the nonlinear equations describing the dynamics of the laser and introduce the Langevin driving sources. In Section 111, we normalize the Langevin sources and calculate their correlations and spectra. In Section IV, we combine the results of Sections I1 and I11 to produce general formulas for the relative intensity spectra, frequency fluctuation spectra, and field spectra of an arbitrary multielement semiconductor laser. In addition, we evaluate some of the formulas for several specific cases. In Section V, we summarize the important results of the analysis.
RATE EQUATIONS
The system we are considering in a semiconductor laser consisting of N active elements (and an arbitrary number of passive elements). For each active element, the carrier dynamics can be described by volume-averaged rate equations as where ni is the carrier density in the ith cavity, J j is the pump current density, q is the charge on an electron, d is the active layer thickness, T~ is the spontaneous lifetime, g j ( n i ) is the gain constant (as a function of the carrier density), and pi is the photon density in the ith cavity.
The DC operation of the resonator (threshold carrier density and lasing frequency) is governed by a dispersion relation of the form
particular to the geometry under consideration. The derivation of (2) has been carried out for several geometries of interest [5]-[12] , and is generally straightforward. In Section IV we will derive the dispersion function F for those systems which we consider in detail, but for now we will assume that it exists and is known. We will also require a set of fill factors defined by
where p is the average photon density in the composite cavity, and w in (3) is implicitly defined by (2) as a complex function of the carrier densities (ni}.
In an earlier work, we showed that if one takes the electric field amplitude to be of the form ei$@), then the dispersion equation (2) is an instantaneously valid description of the dynamics of the system if we replace o by I).
The result is a first-order nonlinear differential equation for the field amplitude and phase [15] . We substitute (3) in (1) and linearize (1) and (2) about a steady-state operating point
which yields where and all derivatives are evaluated at the operating point. Equations (5)- (7) are now a set of linear differential equations giving the response to a small modulation.
We Fourier transform (5)- (7) If there is more than one independent mechanism creating particle fluxes into or out of the number variable pool, there will be a driving source associated with each transition rate. Alternatively, the various sources may be lumped into a single source whose autocorrelation is the sum of the individual sources (as is done here).
In our system, the number variables are total photon number in the optical mode, and carrier number in each cavity. Thus, for the photon number, the appropriate Langevin source possesses the autocorrelation
where RfTE is the stimulated emission rate from cavity i, R f T A is the stimulated absorption rate, R f p E is the spontaneous emission rate, RY' is the cavity loss rate, and /3
is the fraction of spontaneous emission rate coupled into the optical mode. For carrier number in cavity i, we have (~i ( t ) ci(t'))
where RrMp is the pump rate into cavity i.
Since 6 = we can drop it from (13); in addition, balancing input and output flows from the particle pools yields the relations
Also, if we introduce the spontaneous emission factors
we can relate these rates to the variables in the rate equations
The Langevin sources possess nonzero cross correlations whenever an event changes two variables at once (which stimulated emission and absorption do; spontaneous emission does also but the cross-correlation is on the order o f / 3 and can safely be ignored). The cross-correlations of interest are
We should now convert these Langevin sources appropriate for number variables to sources appropriate for the variables in our system-namely, relative amplitude and carrier density. If we define the sources as A for relative amplitude and Xi for carrier density, then
where Vis the total volume of the optical mode and Vi is the volume of the ith active element. The phase, too, is subject to random fluctuations due to spontaneous emission. Being a continuous variable, the correlations of its Langevin source + are not as immediately obvious as those of the amplitude and carrier sources. Using a model discussed by Henry [20] , Vahala et ul. have shown [26] that the Langevin source driving the phase has the same autocorrelation as that of the source driving the amplitude fluctuations but is uncorrelated with any other source. (Although they were considering only a single-element laser, their argument is independent of the number of separate active regions.) Using (15)- ( 17) to put the transition rates in terms of the rate equation variables, we can summarize the relevant correlations for the amplitude Langevin source A , the phase source 9, and the carrier sources e, as
All other cross-correlations are zero. Equation (11) is in terms of transformed variables, so it is convenient to cast (19)- (22) in the same manner, particularly since we are interested in spectral functions W'JQ) which are themselves transformed quantities. Mathematical problems arise when one attempts to transform a stationary signal, however; to be rigorous, one must use finite-domain Fourier transforms defined as follows:
(23)
Then one can calculate the spectral quantities defined by the Wiener-Khintchine relations as
w~-(Q> 5 d~( f ( a t )
g(t + 7)) e-jQr (24) s from the finite-domain transforms by Strictly speaking, the relations that make the Fourier transform useful (transformation of differential operators) do not hold as long as the object of the transform is finite at the limits of integration; for example, the derivative transforms as (26) However, the first term on the right in (26) (and others like it) drop out after ensemble averaging and dividing by T in (25) . Therefore, we will continue to use properties of infinite-domain transforms with the understanding that at some point down the line, we will perform the average and limit of (25) . Questions of validity and existence aside, we can calculate the spectra of the Langevin sources in (19)- (22) directly from (24) . They are All spectra of Langevin sources are white; all other spectra between sources are zero.
IV. FLUCTUATION SPECTRA
A. General Formulas
At this point, we insert our appropriately normalized Langevin sources into the driving term of the small-signal equations, that is, the right side of (1 1 
and we can produce this by multiplying the expressions forj;(Q) and g( -Q) together and replacing each product of Langevin sources (e.g., LA) by the associated spectral quantity (e.g., WAA). In this manner one can produce any desired spectral quantity. We shall not carry this process out in full generality (although the prescription is here for anyone so inclined). Instead, we shall spend the rest of the paper deriving spectra for some specific devices of interest.
B. Single-Element Fabry-Perot Laser
To begin to get a feel for how to use (27)- (29) and (31)- (33) to calculate spectra, let us first rederive the noise spectra for a single-element, simple two-mirror resonator. As pointed out previously, the term c1 I can be absorbed into l / r l , so that when we evaluate (31) and (32) we get (35) which leads to the relative intensity spectrum Now we substitute in the normalizations for the Langevin sources We recognize the above as the relative intensity and frequency fluctuation spectrum of a simple single-cavity, two-mirror laser [26] . Of particular interest is the contribution of the frequency fluctuation spectrum to the linewidth. If amplitude fluctuations are negligible or suppressed in measurement, then the field spectrum W,(wo + w) (where w is the deviation from the lasing frequency wo)
in which E, is the field amplitude. If W,, is a sum of several components, then the field spectrum is the convolution of the spectrum computed individually from each of the components. While high-frequency structure in the spectrum of W, , is responsible for structure in the field spectrum (e.g., sidebands at the relaxation resonance [26] ), the dominant contribution to linewidth comes from the Q = 0 component of W,,. It in fact produces a Lorentzian with linewidth exactly equal to W, , (O) [27] . Examination of (40) shows that the linewidth of a singleelement laser is that is, the enhanced modified Schawlow-Townes linewidth [20] . To calculate cyleff, we recall that the dispersion equation for a single-element, two-mirror laser is where yl(nl) is the power gain per unit length, yo is the loss, L1 is the length of the laser, pl'(nl) is the index of refraction, and R is the mirror reflectivity. Applying relations (8) and (10) to (43), we get where a prime on a material parameter denotes differentiation with respect to the carrier density. So, for this configuration, the effective modulation quantities are equal to the material modulation quantities, which is, in fact, what we expect from the conventional theory.
C. Passive-Active Coupled Cavity
The above situation (effective parameters = material parameters) does not always hold, even for single-activeelement cavities. The addition of a passive element to the resonator (e.g., an external cavity) changes the dispersion equation, and consequently alters the effective modulation parameters; their values end up depending upon the relative tuning of the two cavities. We shall now treat the case of an active element coupled to a passive cavity, illustrated in Fig. l . Two cavities of length L1 and L2 are coupled via an effective mirror (e.g. , an air gap; the length of the gap may be zero as long as the discontinuity remains) with transmission and reflection coefficients T2 and R 2 , respectively. (In all calculations and graphs which follow, we will assume the following material parameters: loss yo = 80 cm-, nonresonant refractive index pGaAs = 3.5, and linewidth enhancement factor a G a A s = -5.) The resonance condition is determined by requiring that the field reproduce itself after one roundtrip through the composite structure. Following the approach of Henry [20] , we find that the field E; at the coupler results from reflection of El and transmission of E 2 :
while the roundtrip through cavity 1 results in
A similar pair of equations holds for Ea and E2. To minimize the algebra, let us define
Then (45) and (46) and their companion equations for cavity (2) yield
Eliminating the field variables yields the dispersion equation If the gain per unit length is not too large, then it is a good approximation to take the photon density in the ith cavity as proportional to ( E j 12. (More exact results can be obtained by integrating the fields in each cavity, but in the interest of obtaining maximum information for minimum algebra, we shall use the approximate results.) Manipulation of (48) gives the fill factor
The effective modulation quantities gieff, mieff are determined by (1 8) in terms of partial derivatives of (49) , evaluated at the operating point. Unfortunately, (49) is a transcendental equation that must be solved numerically. We can find approximate solutions for weak coupling between the cavities, however (that is, K
<< 1) by doing a perturbation series in K .
For small coupling, we can treat the passive resonator as providing a frequency-dependent load on the other; we expand w in a perturbation series
where w1 is O(K). The zeroth order equation is [e"1(uo) 
If cavity 2 possesses no gain, then the right bracket of (52) cannot be zero near threshold. Thus, we take the left bracket equal to zero.
[evl(w) -
where k is an arbitrary integer, chosen such that wo is close to the peak of the gain spectrum. The next order of the perturbation sequence is w1 represents the effect of the detuned loading upon the resonance coo. The imaginary part of w l changes the threshold gain which provides gain selectivity between modes, while the real part pulls the resonance frequency. 
PI and define the complex quantity Then, denoting real and imaginary parts of v by an r and i subscript, respectively, the effective modulation parameters are given by 
(62)
From (62) we see that the effect of the passive cavity is to "mix" the material differential gain and index to produce the effective quantities. For negative imaginary val- ues of vi, we get a simultaneous increase in gieff (and related quantities, like the relaxation resonance frequency) and a decrease in mieE (and the phase modulation). In
Figs. 4 ( K > 0) loading mechanism, where the passive cavity became a frequency-dependent load upon the active one, and our vr, plays the same role as the p1,2 in their treatment. If the second cavity becomes active, however, then such a description is no longer applicable. The "load" becomes both frequency-and intensity-dependent, and it introduces noise of its own into the system. In the next section, we derive the relative intensity and frequency fluctuation spectra for a general two-active-element laser in terms of the effective modulation parameters, and explicitly evaluate them for a system consisting of two weakly coupled active cavities (e.g., a C 3 laser with a large air gap).
D. Active-Active Coupled Cavity
Let us first restrict ourselves to the case in which the fill factors ri do not change appreciably under modulation, that is, we assume cij 7i << 1 for all i j pairs. This assumption will not qualitatively alter the physics, but it cuts down on the algebra considerably and renders the rather formidable expressions for the spectra somewhat more tractable. Then (31) and (32) give the responses to the Langevin sources The relative intensity and field fluctuation spectra are then 
I )
A fundamental quantity of interest is the Q = 0 component of W, , , since it gives the major contribution to the linewidth. We define for convenience the dimensionless ratios
If we also make the assumption that 117, << 1 /~] ,~; that is, that we are well above threshold, then these relations simplify when we insert the normalizations for the Langevin spectra. The cross-correlation terms W A~, and WAz2 cancel each other out, and we are left with as the linewidth of a two-active element laser. The first part arises from optical fluctuations; in fact, it looks exactly like the enhanced Schawlow-Townes formula
where the material parameter a has been replaced by a weighted average of the effective aier's. The second part arises from the WEE's, and represents direct FM due to carrier fluctuations. It is proportional to the square of the difference in the effective a's. Consequently, were we to attempt to utilize detuned loading to change the effective a's and shrink the linewidth, we should not only seek to reduce the effective a's, but at the same time to minimize their difference. Both contributions to the linewidth vary with inverse power. Equation (70) holds for any two-active-element laser C 3 , axially groove-coupled, or laterally coupled cavity. The evaluation of a1 eff and a 2eff depends on the exact configuration, however, so we will now evaluate them for the case of two weakly coupled active cavities. We can adapt some of our results from the pptssiveactive case by making cavity (2) of' Fig. 1 an active one, with gain y2 and index p z both dependent upon the carrier density n 2 in cavity 2. Equations (49) and (50) remain valid if we redefine
As with the passive-active case, the resonance equation is transcendental. For weak coupling, we can again perform a perturbation series in K , although it is not clear whether our zeroth-order equation should be
For weak coupling, there will be two families of modes, one associated with each of the two equations in (73). So, we will consider only the modes in which cavity 1 is dominant, and cavity 2 assumes the role of the frequency-deyl(cm-') pendent loss. There is still one degree of freedom left unaccounted for (in a two-element laser, the gain is clamped onto a line in the (rl, y2)-plane, rather than a point [20]) so we will take y2 as the free parameter. If we use the following as the definition of p2(w0), 11. 2L2 PlL1 Fig. 6 . Threshold gain for several modes of a (200-50 pm) active-active laser versus gain y2 in cavity 2, with a coupling factor K = -0.4.
then (53), (54) and (56)- (59) give the correct results for
11.A
b~( l O 1 z H z l -w , y1(nlth), gieff and mieff. Differentiating (56) with respect to n 2 yields or, recognizing v of (61) (using the appropriate p2(w0), of course) and the material quantities
The effective differential quantities are given by (a) 
Consequently, the effective linewidth enhancement factors that enter into equation (71) case a2 eff -+ 00, and the linewidth would seem to diverge as well. However, there are gieE-dependent terms in (70) (e.g., x 2 ) which remove the apparent singularity. In this case, the direct FM contribution to linewidth can be written as where a 2 is the material CY for cavity 2. The chirp (direct FM under modulation) in an active-active coupled-cavity laser has been shown to be proportional to the difference in effective a's [15] ; in (70), we showed that there is a component of the linewidth which scales with this difference. Consequently, it would be desirable to reduce both the chirp and linewidth by tuning the a's to be equal. Assuming that the material CY'S are equal (and denoting them by a devoid of subscript), the difference in the effective a's is given by 
So when vi = 0, the cavity is tuned at the chirpless bias point. At that point, however, we see from (77) that aleff = a2eff = a , the material linewidth enhancement factor. The upshot of this re.sult is that while we can eliminate Fig. 16 . Effective a-parameters for device of Fig. 14. (a) aleff, (b) a2,~. chirp in two-active element lasers by selection of bias point, we give up the potential for linewidth reduction using the detuned loading mechanism that was possible with the passive-active cslvity . Conversely, any attempt to reduce the linewidth through de.tuned loading will result in a chirp under modulation. ,4nother feature, is that the largest linewidth excursions occur near a mode hop, so that the mode selectivity is likely to be iow when tuned to a narrow linewidth. On the other hand, one could locslte the riarrow-linewidth regions by tuning to the vicinity of a mode hop. Although it has been shown that away from the zero-chirp bias point, the chirp may be reduced by driving both of the cavities with a fixed amplitude rela- tionship 1131, this modulation will not affect the noise properties: Consequently, the linewidth of the laser may still be larger than that at the zero-chirp point due to the FM contribution. It must be noted that (76)- (79) are based on the assumption of weakly-coupled cavities; for two strongly coupled cavities, one must numerically solve the transcendental dispersion equation for the threshold gain and lasing frequency (although once in possession of those quantities, (8) may be evaluated directly for the effective modulation parameters). We expect,, however, that the results of the perturbation analysis will still hold qualitatively. With strong coupling, the modulation quantities should vary even more widely from their material values, yielding larger excursions of the linewidth and other functions of noise (as well as dynamic quantities, like the relaxation resonance). The formalism presented in this section is easily applicable to larger ensembles of coupled cavities since the matrices in (30)-(33) are general and the dispersion function F ( w , nl, ---, n,) is usually straightforward to derive. However, the complexity and large number of degrees of freedom in such a device will likely limit its technological significance.
-
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V. CONCLUSIONS
In summary, we have provided a formalism for calculating any spectral function of an arbitrary multielement semiconductor laser. We carried out the analysis for a single-active element laser and showed that the spectra obtained were identical to those calculated from the more conventional theory. When a passive element is added to the system, the material differential gain and index constants are replaced by effective quantities which can be calculated from the dispersion equation. For the case of a passive resonator weakly coupled to an active one, we found hpproximate sblutions for the lasing frequency, threshold, and effective modulation quantities consistent with prior results. The effective parameters were shown to be mixtures of the material parameters, with the relative coritributions determined by the relative tuning of the two cavities.
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